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Supporting Information Text

SI Appendix, section 1: Single-cell growth models

Here, we describe a simple null model for growth rates dynamics that are unregulated. This is a special case of the model
studied in (1). To begin we assume growth rate and mass dynamics within the cell-cycle are given by

d

dt
λ(t) = γ(λ0 − λ(t)) +

√
2Dξ

d

dt
M(t) = λ(t)M(t).

At the division times t1 < t2 < t3 < . . . the cell size is divided symmetrically. The growth rate is perturbed at cell division and
growth relaxes exponentially at a rate γ to a lineage specific mean λ0. If λ′ is the mother cell growth rate immediately before
division and λ̃ is the growth rate of a newborn cell, then we set z = λ̃− λ′ and use σ2

z to denote the variance of the growth
rate perturbation from mother to daughter. With this model we can interpolate between the limit of a pure OU process, which
is blind to division events (σ2

z = 0), and a Division noise (DN) model, where all the noise is introduced at cell division (D = 0,
and σ2

z > 0). (see Fig. S1.)
For a cell born at time ti having generation time τi and ti ≤ t < ti + τi = ti+1,

M(t) = M(ti)e
∫ t
ti
λ(s)ds

.

Because division is symmetric, lim
t→t−

i
M(t) = 2M(ti). The log masses obey

lnM(t) = − ln(2) + lnM(ti) +
∫ t

ti

λ(s)ds [1]

= −K(t) ln 2 +
∫ t

0
λ(s)ds [2]

where K(t) is the number of cell divisions before time t. We will implement cell divisions by assuming that cells have the ability
to “sense” their size and divide approximately at the size f(M(ti)), where f(x) implements the cell-size regulation strategy.
We assume an adder strategy, f(M(ti)) = M(ti) + ∆, where ∆ is the size increment added between each division event.

Since the model is used as a null model for the growth process and its role in size control, the specific manner in which size
control is implemented is not important. Therefore, we take the simplest approach: We assume division occurs when the mass
reaches perturbation of f(M(ti)) + δM where δM ∼ Normal(0, σM ). That is,

ti+1 = inf
s>ti
{s : M(s) > f(M(ti)) + δM} [3]
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Figure S1. (top) Simulations of OU model showing mass (blue) and growth rate (orange) dynamics along with the variance and expected value of growth rates conditioned on
age (top right). This illustrates that both are nearly independent of age. (bottom) The same figure for the Division noise model.
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Moment dynamics. The expressions of the conditional and total mean are respectively

E[λ|λ̃] = λ̃e−γt + λ0(1− e−γt) [4]
E[λ] = E[E[λ|λ̃]] = λ0 [5]

Similarly we obtain the conditional expression for the average of the product of λ(t1) and λ(t2) as follows

E[λ1λ2|λ̃] = E[λ1|λ̃] · E[λ2|λ̃] + D

γ

(
e−γ|t1−t2| − e−γ(t1+t2)) [λ1 = λ(t1), λ2 = λ(t2)] [6]

This expression will help to obtain the variance and covariance of λ(t), which we will derive next. Now, if t1 = t2, then λ1 = λ2
and E[λ1λ2|λ̃] = E[λ2|λ̃]. The conditional variance Var(λ|λ̃) = E[λ2|λ̃]− (E[λ|λ̃])2 can be calculated from Eq. (6), which is
given as follows

Var(λ|λ̃) = D

γ

(
1− e−2γt) [7]

Using the law of total variance we have

Var(λ) = Var(E[λ|λ̃]) + E[Var(λ|λ̃)]

= Var(λ̃e−γt + λ0(1− e−γt)) + E
[
D

γ

(
1− e−2γt)]

= Var(λ̃)e−2γt + D

γ

(
1− e−2γt) [8]

Now for our problem λ̃ is actually OU process at steady-state, implying E[λ̃] = λ0 and Var(λ̃) = D/γ. But due to uneven
division there will be another noise term in λ̃. We denote the variance in λ̃ due to division is σ2

z . So Var(λ̃) = (D/γ + σ2
z).

Now using the expression of Var(λ̃) in Eq. (8) we obtain

Var(λ) ≈ D

γ
+ σ2

ze
−2γt [9]

Similarly, using the law of total covariance we obtain

Cov(λ(t1), λ(t2)) = D

γ
e−γ|t1−t2| + σ2

ze
−γ(t1+t2) [10]

Now, the variance of the time averaged growth rate λt =
∫ t

0 λ(s)ds will be

Var(λ̄t) = 1
t2

∫ t

0

∫ t

0
Cov(λ(t1), λ(t2))dt1dt2 [11]

= 2D
γ2t2

[
t− 1

γ
(1− e−γt)

]
︸ ︷︷ ︸

=σ2
c,t

+
(
σz
γt

)2

(1− e−γt)2︸ ︷︷ ︸
=σ2

d,t

[12]

When γτ � 1 this expression will reduce into the following form

Var(λ̄) ≈ 1
γ2

(
2D
t

+ σ2
z

t2

)
. [13]

which gives rise to the approximations of σ2
c,t and σ2

d,t stated in the main text.

Model parameters used in simulated datasets. In our simulated datasets used to create Fig. 5 in the main text, we fixed the
average growth rate, average cell-size, and variance in birth size (σ2

M ) according to the values in Table S1. We generated
simulated datasets with a range of σ2

c,E[τ ]/σ
2
λ̄
for fixed γ = 1/τ = 5 hours by using the σc,E[τ ] value to solve for D and Eq. 12 to

solve for σz.

Table S1. Table of parameter means and standard deviations over lineages

Parameter Mean Standard Deviation Units

∆ 35.45 2.27 Mass [pg]
λ0 0.074 0.011 1/hours
σM 16.5 7.09 pg
σλ̄ 0.014 0.003 1/hours
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SI Appendix, section 2: Gaussian process smoothing and decomposition

This section explains how the dynamics of the growth rates over the course of a lineage are inferred using Gaussian process
decomposition.

A. Setup. It is useful to define the continuous function

f(t) = ln Mi(t)
Mb
i

+
∑
j<i

ln
Md
j

Mb
j

=
∫ t

0
λ(s)ds [14]

where Mb
i and Md

i are the mass of the ith cell at birth and division.
The basic assumption of our analysis is that the growth rate can be decomposed into contributions from various factors,

e.g., coupling to cell cycle progression, as
λ(t) = λ0 +

∑
k

λk(t) [15]

where each term gk(t) represents the contribution from some factor. For example, for the contribution from purely age
dependent effects, we would have

λk(t) = h(age(t)) [16]

where age(t) converts the time since the beginning of the lineage to the (normalized) age of a cell; that is,

age(t) =
∑
j

1tj<t<tj+1
t− tj

tj+1 − tj
[17]

where tj is the division time when the j cell divides. Terms depending on unnormalized age or cell-mass could be defined in a
similar manner. The decomposition of λ induces a decomposition of f(t):

f(t) = λ0t+
∑
k=0

fk(t). [18]

where fk(t) =
∫ t

0 λk(s)ds.

Gaussian process regression equations. A process Xt is said to be a Gaussian process if for any finite set of observations,
t = (t1, . . . , tk)T , the joint distribution of X(t) = (Xt1 , . . . , Xtk )T is a multivariate Gaussian (2). We will typically work with
zero mean Gaussian processes, so that the distribution of Xt is specified entirely by a covariance function, or kernel:

k(t, t′) = E[XtXt′ ]. [19]

We will use K(t) to represent the matrix with entries

K(t)i,j = k(ti, tj). [20]

Then, the distribution of a Gaussian process with covariance kernel k at sample points t is

Pgp(x; k) = 1
(2π)k/2detK(t)1/2 e

−xTK(t)−1x/2. [21]

Typically one selects the kernel from some parametric family, for example, a common choice is the squared exponential (SE)
kernel

k(t, t′) = Ae−(t−t′)2/τ . [22]

Samples of a Gaussian process with an SE kernel will be smooth, however, with a different choice of kernel we can easily
generate functions with different properties. We will discuss the selection of kernels in more detail later.

In a Gaussian process regression, one places Gaussian process priors on an unknown function. In the present context, this
means placing Gaussian process priors on each of the functions fi in Equation 18. In addition, we must account for the linear
term. For the moment, we will ignore how the kernels and their corresponding parameters are selected and simply assume we
have some kernel ki for each term fi in the decomposition. The Bayesian posterior of the vectors fi = (fi(t1), . . . , fi(tj))T is
given by

P (f1, . . . , fL|y) ∝ P (y|f1, · · · , fL)
∏
i

Pgp(fi; ki). [23]

Under the assumption that measurement errors are Gaussian and uncorrelated, P (y|f1, · · · , fL) is a multivariate normal
distribution with mean

∑
fj and covariance matrix Iσ2

ε . The log posterior is therefore given by

− lnP (f1, . . . , fL|y) ∝ 1
2σ2

ε

(
y−

∑
j

fj

)T
I

(
y−

∑
j

fj

)
+ 1

2
∑
j

fTj Kj(t)−1fj [24]
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Here σ2
ε is the variance of the measurement errors. This implies that under the Gaussian process model, the marginal

distribution of y is Gaussian with mean zero and covariance matrix

M(t) =
∑
j

Kj(t) + σ2
ε I. [25]

It follows that the joint distribution of (y, fi, fj), the data and ith and jth terms in the decomposition, is Gaussian with mean
zero ∗ and covariance matrix

K̄i,j(t) =

[ ∑
m
Km(t) + Iσ2

ε Ki(t) Kj(t)
Ki(t) Ki(t) 0
Kj(t) 0 Kj(t)

]
[26]

where 0 is a matrix of all zeros with the appropriate dimensions.
Using standard identities for the conditional mean and variance of a multivariate Gaussian, we can easily obtain the relevant

statistics of the posterior. In particular, the maximum likelihood estimate of fk under the posterior distribution is

µj(y) ≡ E[fj |y] = Kj(t)M(t)−1y. [27]

This represents our best estimate of the unknown function fk given the data. Note that Equation 27 has the form of a linear
smoother of the data.

Also of interest is variance of fj(t) and the covariance between fj(t) and fi(t) under the posterior. The former quantifies
the uncertainty in our inference while the latter tells us how “sloppy" our model is, that is, whether it is difficult to distinguish
between terms in our decomposition. In order to obtain the covariance, we consider the joint distribution of fj(t) and fi(t)
conditional on y, which has mean (µi(y),µj(y)) and covariance matrix

K̄i,j(t|y) =
[
Ki(t) 0

0 Kj(t)

]
−
[
Ki(t)
Kj(t)

]
M(t)−1 [ Ki(t) Kj(t)

]
=
[
Ki(t)−Ki(t)M(t)−1Ki(t) Ki(t)M(t)−1Kj(t)

Kj(t)M(t)−1Ki(t) Kj(t)−Kj(t)M(t)−1Kj(t)

]
.

[28]

From this matrix we obtain the covariances under the posterior

Ci,j(y) =

 cov(fi(t1), fj(t1)|y)
...

cov(fi(tk), fj(tk)|y)

 = diag
(
Ki(t)M(t)−1Kj(t)

)
[29]

Similarly, the variance is given by

νj(y) ≡ var(fj |y) = diag
(
Kj(t)−Kj(t)M(t)−1Kj(t)

)
. [30]

Model specifics. As discussed in the main text, our model is of the form

f(t) = λ0t+ ftrend(t) + fflucs(t) + ε(t). [31]

where ftrend(t) is a smooth function depending only on the cell’s normalized age a(t) = (t− ti)/(ti+1 − ti). This was achieved
with a smooth kernel depending only on |a(t)− a(t′)|.

ktrend(t, t′) = Atrende
−|a(t)−a(t′)|2/γtrend

We found that using un-normalized age makes little difference in our results, since generation time variability is relatively small.
For the term fflucs(t), we used a once differentiable kernel known as the Matérn-32 kernel depending on the distance |t− t′| (2):

kflucs(t, t′) = Aflucs

(
1 + |t− t

′|
γflucs

)
e−|t−t

′|2/γflucs

The Matérn-32 kernel corresponds to the critical regime of a stochastic, damped harmonic oscillator and is thus desirable as a
prior distribution because it can accommodate both overdamped and underdamped fluctuations.

Both kernels are parameterized by a prefactor and a time scale, which were inferred along with the noise magnitude
by maximizing the marginal likelihood (collectively, we refer to these as hyper-parameters). The posterior distribution of
λ(t) = f ′(t) with fixed values of the hyperparameters can then be obtained analytically.

∗We can compute the full joint distribution of the entire decomposition, but since this is Gaussian it is sufficient to determine the distribution for any pair.
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Model selection and kernel parameter optimization. To evaluate the fit of our model, we use the marginal log likelihood P (y),
which is the distribution of our data, marginalized over all the Gaussian process priors. This will depend on both the model
(i.e. the number of terms in our decomposition and the kernels we have selected for them), as well as the kernel parameters.
Thus, we write

P (y) = P
(
y|{kj , θj}Lj=1

)
[32]

where kj are the kernels and θj are their parameters. Together these uniquely define the priors. By performing a multivariate
Gaussian integral, it can be shown that

lnP
(
y|{kj , θj}Lj=1

)
= −1

2yTM(t)−1y− 1
2 ln |M(t)| − k

2 ln 2π [33]

By maximizing lnP (y|{kj , θj}Lj=1) with respect to the θj ’s, we can obtain the most likely parameters for our kernels, which
are then used in our inference of the unknown functions Gj . Note that in a fully Bayesian approach we would place prior
distributions on these parameters and obtain their posterior distribution as well. However, the posterior distribution of the
kernel parameters will generally be non-Gaussian and analytically intractable, thus we would need to utilize Markov chain
Monte Carlo simulations which are computationally expensive. Moreover, with the present quantity of data it is sufficient to
treat these parameters as fixed, since the posterior distribution of Gj will generally be insensitive to their values within a small
neighborhood.
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SI Appendix, section 3: Time-dependency of cell-to-cell variability in λ

Some cellular perturbations are considered to influence fast growing cells differently from slow growing cells. In bacteria, fast
growing cells are more likely to die following certain antibiotic treatments (3), and in cancer cells, slow growing cells are often
more resilient to chemotherapy (4–6). As many drugs are rapidly cleared from the plasma (7), there is a narrow time window
during which such treatments are effective. Cell-to-cell variability in λ could therefore influence the fraction of cells affected
by the drug. Yet, the magnitude of cell-to-cell variability in λ is difficult to assess from the literature, as single-cell growth
studies are carried out with different time-resolutions. To address this in our data, we randomly selected time points from each
lineage and compared the cell-to-cell variability in growth rates when λ was analyzed using different averaging times. The
growth rates on 1 minute timescale contained ∼15% cell-to-cell variability within each lineage, and this gradually decreased to
∼7% as the growth rate timescale approached the typical interphase duration (i.e. ∼ λ̄, Figure S2). Thus, the variability in
leukemia cell growth rates is ∼100% higher on short timescales (≤0.5 hour) than on long timescales (≥6 hours). Consequently,
a short exposure to a drug which targets only fast growing cells, is likely to impact a significantly smaller fraction of cells than
a long drug exposure simply due to the fluctuating nature of λ. By revealing the time-dependency of cell-to-cell variability in
λ, our work provides an approach for optimizing drug exposure times when the goal is to minimize the heterogeneity in cellular
responses to the drug.
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Figure S2. Dependency of cell-to-cell λ variability on data averaging time. Data is displayed for the three longest lineages (colored lines). The black line and grey shaded area
represent lineage mean±SD (N = 24 independent lineages/experiments).
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SI Appendix, section 4: Limitations of the study

A key obstacle in the study of fluctuations in λ is the separation of environmental and measurement fluctuations from
cell-intrinsic growth fluctuations. While we have excluded measurement fluctuations by comparing our cell measurements to
polystyrene bead measurements, we cannot fully exclude environmental fluctuations that could influence cell growth rates.
However, as our data is gathered from multiple measurement setups over several years, environmental fluctuations are unlikely
to have a major impact on the average cell behavior we report. We note that a potential exception to this is the cell lineage
#2, where the GP analysis was not able to fully capture the fine details of the fluctuations in λ, as evident by the higher
correlation between consecutive residuals (Fig. S6B). The poor performance of the GP analysis regarding this lineage could
reflect environmental changes. More broadly, we acknowledge that perturbations of cell growth, via altered growth environment
or perturbed intracellular signaling, could help identify which processes are responsible for the growth fluctuations. Such
perturbations could also support the development of a mechanistic model of cell growth fluctuations.

Another important limitation of our work is the fact that our biological conclusions are limited to a single cell line and a
single growth environment. It is reasonable to assume that the magnitude of growth noise in a given model system depends on
the genetic background of the cells, as well as the nutrients and growth signaling that the cell is receiving.

Our work also shows that each cell lineage has its typical growth rate (Fig. 1B), but the stochastic cell-to-cell variability
we identify within lineages does not explain this lineage-to-lineage variability. Our data did not reveal clear instances where
ancestral lineages grow at their typical rate and then shift to another steady growth rate. We speculate that observing such
transitions in the lineage-specific growth rate could require monitoring of growth over significantly longer lineages (>100
generations), especially if the lineage-specific growth rates are set by genetic drift.
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Figure S3. High-precision monitoring of leukemia cell growth under steady, high-growth conditions (A) Average cell growth rates (λ̄) across all data. Each box represents an
independent lineage (independent experiment, N=24) and each dot represents the λ̄ of a cell in the lineage. (B) Pearson correlation value (r) for average cell growth rates (λ̄) in
the SMR as a function of time that the experiment had lasted. N=24 independent lineages/experiments. (C) Average cell cycle duration (τd) within a lineage, as observed in the
SMR (N=24) and using an independent microfluidic trap array (N=25) (data from (8)). The SMR data is collected with only one lineage per experiment, while the microfluidic
trap array measures multiple lineages per experiment. Coefficient of variability of τd values is shown on top. (D) Representative Ki-67 and DNA labeling in L1210 cells. Over
99.5% of L1210 cells in a population are Ki-67 positive, indicating that virtually all cells are actively proliferating (N=3 independent experiments). (E) Representative buoyant
mass monitoring data for a cell (red) and a polystyrene bead (teal, representative of 5 independent bead experiments). Inset on right displays a zoom-in.
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process regression analysis within one lineage. (B) Pearson correlation R2 values for consecutive residuals in all cell lineages. Correlations are similar in magnitude to what
would be expected from pure measurement noise, as shown by comparison to correlations between consecutive measurements of single polystyrene bead’s mass. The cell
lineage with the highest correlation is lineage #2. Each point is an independent lineage/experiment. (C) Representative example of GP isolated cell mass fluctuations (term
f3(t), red) together with mass fluctuation observed in a polystyrene bead (blue). (D) Comparison between mean-normalized GP isolated cell mass fluctuations (term f3(t)) in
all lineages (red) and mean-normalized mass fluctuations observed in polystyrene bead measurements (blue). The mass fluctuations in cells are significantly larger than in
polystyrene beads, indicating that the mass fluctuations in cells are not measurement artefacts. (E) Autocorrelation functions for GP isolated cell mass fluctuations (term f3(t))
(red) and for polystyrene bead mass fluctuations (blue). Thick lines and shaded areas represent mean ± SD. N=24 independent lineages/experiments for all cell data. N=5
independent experiments for all bead data.
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Figure S7. Growth rate comparison using GP and average growth rate extraction. (A) Cell cycle-dependent growth rates were extracted using GP or ’naive’ data fitting with
three different levels of data smoothing and fitting length. Thick lines and shaded areas represent mean ± SD. (B) The λ fluctuations were extracted using GP or ’naive’ data
fitting with three different levels of data smoothing and fitting length.
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Figure S8. The λ fluctuations are not explained by cell size-dependent growth. (A) Correlations between the magnitude of the λ fluctuations (standard deviation of the λ
fluctuations across a cell cycle) and indicated cell mass and growth parameters. Each dot represents a single cell. Cells from the longest lineages are color coded. (B)
Correlations between the magnitude of the λ fluctuations (variance of the fluctuation term across a lineage) and the average growth rate of each lineage. Each dot represents a
lineage. Longest lineages are color coded as in panel (A). (C) Correlations between cell mass at birth and cell cycle duration. Each dot represents a single cell. Cells from the
longest lineages are color coded. In all panels, N=24 independent lineages/experiments with 235 cells in total.
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SI Dataset S1 (dataset_S1.xlsx)
Single-cell buoyant mass traces analyzed in this study. See the first datasheet for more information.
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